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Abstract while guaranteeing response time management in the
_ o ) cloud. The author proposes a market-oriented discrete-

In th|s paper we carry out a .stab|I|ty analysis Of, @ time model to describe the routing of the consumer’s
previously |ntr.oduced market-oriented clouc.i.computlngworkbad in the cloud through the interactiontobkers
model. We mt_r_oduce a necessary cond|t_|on for theand servers Roughly speaking, the servers communi-
asymptotic stability of the system, and provide a math-ca4a with the brokers to let them know how busy they
ematical proposition that enables the use of passivity f0g, o - \hile the brokers distribute the consumer’s work-
the analysis of Stab'l't,y in this model. Moreover, W€ load to be processed between the servers based on the
prove that t_he system Is Input-tq-Statg Stable and Verlf3f:urrent status of the servers. This framework takes ad-
our theoretical results through simulations. vantage of the passivity inherited by a system formed by
interconnecing passive subsystems.

Following the ideas proposed by [6] we presenta num-
ber of enhancements related to the analysis of the market-

In the last few years, control theory has had a producoriented cloud model. Among other reSUltS, we prOVide
tive but still limited relationship with computing theory Mathematical propositions to justify the use of passivity
and systems. Control theory is being used in problem§heory to the analysis of this problem, and an additional
such as managing power Consumption for microprocesnecessary condition to guarantee the asymptotic Stablllty
sors [2], data centers [10, 11], application performam@f the system. Furthermore, we provide comments about
[3, 8] and management of resources in cloud computinghe stability of the system in the presence of time-varying
[1, 11]. consumer’s workload.

At the cloud computing level, and within the "Infras- The paper i; organized as follows: Section 2 des_cribes
tructure as a Service” framework (1aaS) [7], the costumeth€ market-oriented cloud model as presented in [6].
controls the software running over a virtual server andn Section 3 we present passivity analysis to study the
instantiated by a resource provider. Resources are us@Symptotic stability of the system. Section 4 analyzes a
ally leased and might consist of application and Stor_counter-examplg_to |IIustrate_t_he need for an _add_ltlonal
age servers. Currently available services include Aman€cessary condition for stability. Such condition is ex-
zon Elastic Compute Cloud (EC2), Google Cloud andPplicitly prowc_ied and proven. In Sepnon 5, we prove that
Joyent. In some services the users must rely on coarsd?€ System is robust to time-varying consumer's work-
grained visibility of the system [5, 7]. A common control 10ad as long as such workload is bounded. In Section 6
theory-based approach involves model identification andVe Present simulation results to validate our approach.
optimal control [7, 9] where, under certain assumptionsFinally, in Section 7 we provide our conclusions.

a model of the cloud is estimated in order to control and

optimize some performance measuegy., latency and 2 Market-Oriented Cloud Model

throughput. The problem of virtual resource allocation

to regulate application performance may then be studied he discrete-time model for the cloud based on a market-
as discussed in [4, 5, 9]. oriented view was proposed in [6]. The block diagram in

In the recent paper [6], the author proposes a passivitfig. 1, illustrates the dynamics corresponding to aZet
framework to ensure asymptotic stability of a feedbackof N brokers and a se#” of M servers. A consumer’s
controlled system where the controller regulates poweworkload vectomw(k) € RN serves as a reference input

1 Introduction



space equations are given by,

Broker System
w(k) N bik+1) = [Bi(k)+9i(k)—s(k)] " ®)
d(k) sk+1) = min{,(1-0)s (K +bi(k) +9i(k)}.
4)
with i € (0,1). The designed output in [6] is given by,
@:I Gi(k) = 2aib; (K) + 20is (k). (5)
u(k) Server System This system may be expressed in matrix form as,
U () Gkl — minfELAGKBIK]TT. (©)
u(k) s (k) y (k) Oi(k) = Cé&(K). @)
where,
bi (k) ' o0
_ _ _ &i(k) = W d=1 g )
Figure 1: Block diagram of the market-oriented cloud s(k) S
proposed in [6]. 1 1
Ai =
' ( o 1l-0 ) ’
for the system at tim& The amount of workload that _ 1 o
should be routed to the servers is calculated by the set of Bi = < o ) ,C = (20:,20).

brokers. The set of brokers send the vegttk) € RN
with the dispatched workload and the servers receive =N
fraction of the consumer’s workload through the vector
9(k) € RM. The fraction of the workload that is not com-
pleted is buffered and the servers send a throttling sign . g j . o
vectord(k) € RM that tells the brokers the current load ;nna:;[ru?e(;,_ ?ka)\riellﬁj (k) andQyi(k) satisfy R (k) = 1
at the servers. Thus, the brokers receive the vector sig- Fr%lm Jrlwow_on .We omit the subindicgsandi when

N 1 H )
nalu(k) € R™ and, based on i, calculate _the fract|on_of referencing thg-th andi-th entries of the corresponding
W(k) '_[hat should be routed to the servers in the next UM& ectors in the systems of brokers and servers. To analyze
iteration. )

) ) the passivity of thg-th broker, [6] proposes the follow-
The following state-space equations for fhth broker  jnq storage function,

were proposed in [6]. The stadg(k) with j=1,2,...,N,
corresponds to thenaximum dispatch levedt time in- Vi (d) = d?(k),
stantk € Z*, and the dynamics are given by:

The broker and server blocks are connected through
e matriceR (k) € RM*N andQ(k) € RN*M, Such ma-
trices allow for the consideration of a different number
a?f brokers and servers in the model. The entries of the

and assuming that the reference input of the system
w(k) = 0 and the projection in (1) is inactive we have
dj(k+1) = [(1— Baj)d; () + Brjwj (K) = Bojuj (0] ", ot
(1) AV < u(k)d (k) + ((1— B1)2 — 1)d(K
with B1j € (0,1) C R andf3;;(0,%) C R. The projection 1< ulkjd(k) + (1= Py) Jd(k),
operator is defined g = max-,0) and the output is which indicates that the system is output strictly passive.
given by, Notice that((1— B1)? — 1)d? < 0 sincep; € (0,1).
_ By assuming that the projection in (1) is active, the
yj (k) = min{w; (k),d; (k)}. (2)  difference of the storage function becomes,

_ 42 42
Similarly, the state-space model of th¢h server is V1 = —d*(k) < u(kjd(k) —d(k),

defined by two state variables, namety(k) andsi(k)  and [6] concludes that the broker system is output strictly
with i =1,2,...M. bi(k) corresponds to the amount of passijve.

pending workload to be processed by ittt servers; (k) Analyzing the passivity of the server system, [6] also
corresponds to the maximum amount of workload thatyroposes the following storage function,

the i-th server processes at ime inst&n&nd is upper

bounded by the physical limit servise Thus, the state- Vo (&) = ET(K)PE (k), (8)



with the positive definite matrix, Now, let us propose the following Lyapunov function
candidate,

o —-0/2 _
p_<_0/2 A ). Va(do) = dB(K),

. ) . . and the first difference gives,
The projection in (3) is assumed to be inactive and the

first difference of (8) satisfies the following inequality, AV3 = (—1+ (1— B d3(K) <0, (11)
AV < G(k)y (k). and the origin of (10) is asymptotically stable.

Similarly, using the same storage function but assum- L€t us assume an initial conditiaa(k) > w. Further-

ing that the projection in (3) is active, [6] concludes that MOre, from (11) we know that for ango(k) > O there
existsn € R™ such that

AV, < a(k)y(k),
MV3 < (=14 (1—By)?)d5(k) < —n,
and the system is shown to be passive. Therefore, from
Proposition 1 and Proposition 2 in [6] the origin of the therefore,
feedback system wittv(k) = 0 is asymptotically stable. Va(k+1) —Va(k) < —n,
One interesting result of the passivity approach, is the ) .
utilization of passivity concepts to calculateertificate ~ and solving the recurrence equation we get,

that once satisfied, guarantees the stable operation of the
system. V3(K) <Vs(ko) — (k—ko)n, (12)

o . If we take any feasibl® € R in the trajectory ofi(k)
3 About Passivity Analysis such thad(kg) > & > 0 we getV3(3) = 52. Therefore,

o _ if starting from the initial conditiord(ky) we arrive at
Even though the passivity approach was already applleg(k) — & for somek, we get from (12) that
in this problem, it is worth asking the following question: ' '

Is it possible to apply passivity analysis to the market- 52 < Va(d(ko)) — (k— ko)1,
oriented cloud system? The answer is yes, but we must B
be careful. Recall that the output of thieh broker is  therefore,

y(k) = min{d(k),w(k)}, thenw(k) is an input of the bro- Va(Ko) — 82

ker system as shown in Fig. 1. When carrying out the k<ko+ T < o,

passivity analysis in [6], the reference input is assumed

to bew(k) = 0 theny(k) = 0. Then, the number of steps required to go from any ini-

Sincey(k) = d(k) if and only if d(k) < w(k), special  tial statedo(ko) > O to another statdp(k) > 0 in the tra-
care should be taken before directly applying the pasiectory of the solution of (10) is finite. From (9) we con-
sivity propositions to show asymptotic stability as pre- clude that starting from an initial statkko), there exists
sented in [6]. However, if we are able to prove that thereN € Z*,N < o such that 0< d(k) <w, Yk > ko +N,
exists a finite number of time stepé € Z* such that thereforey(k) = min{w,d(k)} =d(k) >0, ¥k > ko +N.
y(k) =d(Kk),Vk > ko+N, we can eliminate the input(k) U
indicated by the dashed blue arrow in Fig. 1, and make
sure thay(k) = d(k) as described next. Remark 1 Notice that for the case k) = w = 0 the

foregoing Proposition does not apply, since from [6],
Proposition 1 Consider the state-space dynamics of thed(k) — 0 as k— « asymptoticallyj.e.,in infinite time.
j-th broker defined by (1) and (2). For any initial condi-
tion d(ko) such that dko) > w(k) =w>O0withwe R"  Remark 2 Notice that in Proposition 1 we do not con-
constant, there exists N », N € Z" such that yk) =  sider the case where the projection dkylis active be-
min{w,d(k)} = d(k), vk > ko+ N. cause we have assumed thky> 0.

Proof Let us define a new state variable
4 Effect of Equilibrium Points in Stability

do(k) =d( - w(k+ Zu, (@)
P As mentioned before, based on [6], the market-oriented
therefore, we obtain the new dynamical equation, cloud described in Section 2 was shown to be asymp-

totically stable. However, let us implement the forego-
do(k+1) = (1—B1)do(k), B1 € (0,1). (10)  ing model assuming only one broker and one server with



Non-Asymp. Stable, 1 broker,1 server and the necessary condition (14) follows. O
120 - B : . B

- I Examining the plots ofi(k) = &u(k) andw(k) in
1op | —s(k) Fig. 2, we see that at every oscillation, the inequality (19)
| w(k) is not satisfied at some time intervals, therefore, asymp-
totic stability cannot be guaranteed.

5 Effect of Time-Varying w(K)

Now, we consider our last question: Do bounded inputs
guarantee bounded states in the market-oriented model?
This property is termed Input-to-State Stability (ISS) and
is related to the capacity of the states of the system to re-
“ 50 60 main in the neighborhood of its equilibrium points. In
this specific case, we are assumim) in (1) is a time-
varying vector function. Although the simulation results
shown in [6] hint that the system might be ISS, this needs
to be formally proven as described in the following re-

State variables and Control Signal
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Figure 2: Non-asymptotically stable example that sat
isfies the sufficient conditions for asymptotic stability

It.
givenin [6]. su
Proposition 3 Given the feedback connection in Fig. 1
B1=0.9, B, = 0.9,w(k) = w=40,S= 50 and initial con- defined by the broker system with dynamics (1) and (2)

withO< B1 <1, BreRand0< By, B2 € R, and the
server system with dynamics (3),(4) and (13) wdtke
(0,1) C R, the resulting system is ISS.

U1 (k) = 20b(k) + 20s(k) + 09(k). (13) Furthermore, if 0 < Bou(k) < Bow(k), the system
tracks the equilibrium points (15)—(17) asymptotically.

ditionsd(kg) = 45,b(kg) = 20,s(kg) = 5. Furthermore,
let us replace (5) by,

with 0 = 0.9.
We obtain the plot shown in Fig. 2, which does not pyoof | et us study the broker system defined by (1) and

show an asymptotically stable trajectory. In order to €X-(2), and let us define

plain the result, we provide the following Proposition,

B2

Proposition 2 A necessary condition to guarantee the e1 = w(k) — ==u(k),
asymptotic stability of the feedback connection between A
the broker system given by (1) and (2), and the servethen, the system (1) may be rewritten as,
system given by (3), (4) and (13) is,

d(k+1) =[(1—-Bo)d(K) +Brer] " .

0 < Bou(k) < Brw(k). (14)
Proof let us calculate the equilibrium points of tfieh Assuming no active projection in (5), we note that the
system is Linear Time Invariant (LTI). It was proven in

broker and thg-th server, i X ; :
[6] that the broker system is output-strictly passive with

deg = w(K)— &u(k), (15) @ positive definite storage function. Since it is zero-state
1 observable as well, the origin with (k) = 0 is asymp-
beq = 0, (16) totically stable. Since the system is LTI we conclude
Sq = YK (17) that it Iils Bounded-Input-Bounded-Output (BIBO) stable
as well.

Now, let us assume Similarly, the server system given by (3), (4) and (13)

B> was proven to be passive with a positive definite storage
0<w(k) < Eu(k), (18)  function, and therefore its origin is stable wittk} = 0.

S o ) Assuming no active projection, the dynamics are given
but from the projection in (1) the equilibrium poidés > by (6) and (7) which describe an LTI system, therefore

0, which contradicts (18). Therefore, the system is BIBO stable. Assuming an active projec-
B> tion in the server system the system mafikecomes,
w(k) > 22u(k) > 0, (19)
B
A 0 0
1see Appendix A for a justification for using (13) - o 1-ogj ’
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Figure 3: Simulation results showing that the market-

oriented cloud model proposed in [6] is ISS. Figure 4: Simulation showing boundeifk) with ran-

dom and boundedi(k).

and the system is LTI, therefore it is BIBO stable.
Furthermore, withy(k) < « and §(k) = R(k)y(k)
where all the entries &k (k), namelyR;j (k) € [0, 1], then
Y(k) < . Sinceu(k) = Q(k)01(k) where the entries of
Q(k), namely,Qji (k) € [0,1], thenu(k) < co.
Finally, since we know th% u(k) < co andw(k) < oo,

thenw(k) — %u(k) < o0, and the system is ISS.
If in addition, (14) is satisfied, then the system tracks
the equilibrium points asymptotically. O

40

Server Backlog b(k)

o
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6 Simulation Results

o

o

In Fig. 6, we present simulation results using two bro-

kers and three servers with = 0.95,3, =0.1,0 = 0.5,

§= 20 andw(k) = 125+ 12.5sin(2%). Notice that (19)  Figure 5: Simulation showing boundb(k) with random
is being fulfilled, since we are plottingg (k) = %u(k) and boundev(k).

represented by the purple dotted line, which avoids un-

damped oscillating behaviors. Note that all the other . .

statez are in the r?eighborhood of their respective equi"—de atk = 632 it returns tqu = 2. As anticipated by the

librium points given by (15)—(17). Note also that the EEG'?QI/I’ t?et system 1S tI)SS' :jn g'gH 4, 5 and dee observed
subindices in the plot of Fig. 6, indicate that we are plot-t iha sta tl-:‘st.remalr';_ ou6n ed. owe\ier, and as oppose
ting the inputs and outputs of broker 1 and server 2 re-0 (€ simuiation In Fig. 5, We can no longer assure raw
spectively. asymptotic tracking of the equilibrium points (15)—(17)
because the natural oscillations due to the stochastic na-
Furthermore, now that we have shown that the sys- "
. ture of the process do not guarantee that condition (14)
tem is ISS stable, we are able to assure that the states .
i ; F satisfied.
remain bounded, as long as the consumer’s workloa
stays bounded. In comparison with the results shown
in [6] we carry out simulations using three brokers and7 Conclusions
five servers. The parameters gg= 0.95, 5, = 0.1,
o = 0.5 ands= 20. The consumer’s workload is mod- We have presented an in depth analysis of the passivity
eled as a Gaussian white noise with mgaa 2 and vari-  framework introduced in [6] for power control and re-
anceag = 1. At time stepk = 100 the mean of(k) sponse time management in the cloud. We enhanced the
abruptly changes ta = 25 and ak = 210 it goes back original theoretical result with a detailed analysis of the

to u = 2. Later, atk = 425 the mean goes tp = 16  stability and stabilization of the system. We have for-
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Figure 6: Simulation showing boundsk) with random
and boundedav(k).

stability of the proposed cloud model in the presence of

time-varying consumer’s workload vectors.
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AV,

ANy < ET(k+1PE(k+1)—ET(KPE(K)

= &T(K(ATPA-P)E (k) + 28 TATPBY(K)
+9(k)BTPBY(K)
= ZETATPBy() ()B ()
= 20b(K)y(k) — as(k)y(k) (k)
< 20b( K)y( )+205 K)y(k +cry2 k)
= Oy(k)y(k).
with,

G1(K) = 20b(k) + 20s(k) + oy(K).

Now, using the same storage function but assuming

that the projection in (3) is active we obtain,

< o(o-1)(sk)—

+20s(k)y(k)

20b( K)Y(K) + 20s(k)y(
Gy (K)Y(K)-

b(k))? + 2ab(k)y(k)

<

K+ 0P(K)

and the server system is still passive with the output (13).



